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REMARKS ON RATIONAL POINTS OF UNIVERSAL CURVES
TATSUNARI WATANABE
Abstract. In this notes, we will give some remarks on the results in [11] by Hain. In
particular, we consider the universal curves Mg,n+1 → Mg,n and the sections of their
algebraic fundamental groups.
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1. Introduction
Denote byMg,n/Z the moduli stack of proper smooth n-pointed curves of genus g. We always
assume that 2g−2+n > 0 in this paper. We have the universal curve π : Cg,n/Z →Mg,n/Z. For
a field k, we denote the base change to k of π by Cg,n/k →Mg,n/k, which we also denote by π.
Let K be the function field of Mg,n/k. By a generic section of π, we mean a K-rational point
of Cg,n/k. When char(k) = 0, it follows from a result of Earle and Kra [4] that the set of the
generic sections of π consists of exactly the tautological ones. In [11], Hain gave an algebraic
proof to this fact, using the relative and weighted completions of the mapping class groups.
Let k be a field and k¯ be the separable closure of k in a fixed algebraically closed field
containing k. For a proper smooth curve C of genus g over k with a base point y¯, there is a
short exact sequence of profinite groups
(1) 1→ π1(C, y¯)→ π1(C, y¯)→ Gk → 1,
where C = C ⊗k k¯ and Gk is the Galois group Gal(k¯/k). Each k-rational point x of C induces
a section x∗ of π1(C, y¯) → Gk that is well-defined up to the conjugation action of an element
1
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in π1(C, y¯). The section conjecture by Grothendieck states that if k is finitely generated over
Q and g ≥ 2, the function associating to each k-rational point x the π1(C, y¯)-conjugacy class
[x∗] of the section x∗ is a bijection.
The generic curve of type (g, n) is defined to be the pull-back of the universal curve π to
the generic point Spec(K) of Mg,n/k. Hain showed that if k is a field of characteristic zero,
the image of the ℓ-adic cyclotomic character χℓ : Gk → Zℓ
× is infinite for some prime number
ℓ, and g ≥ 5, then the section conjecture holds for the generic curve of type (g, 0). Several
examples of curves for which the section conjecture holds have been found. However, all of the
curves share the same property that their associated homotopy exact sequences (1) do not split
and hence they do not admit rational points. Therefore, it is an interesting question to find an
example of curve admitting a k-rational point for which the section conjecture holds.
Our main result concerns with a relation between the geometric sections of π and the group
theoretical sections of π1(Cg,n/k, x¯)→ π1(Mg,n/k, y¯). More precisely, we consider the universal
n-punctured curve πo : Mg,n+1/k → Mg,n/k. There is an open immersion j : Mg,n+1/k →
Cg,n/k such that the complement of the image is the union of the images of the tautological
sections and there is a commutative diagram:
Mg,n+1/k

 j //
πo ((◗
◗
◗
◗
◗
Cg,n/k
π
Mg,n/k.
Let k be a field of characteristic zero. Denote the tautological sections of π by s1, . . . , sn. Let
y¯ be a geometric point of Mg,n/k. Let Cy¯ be the fiber of π at y¯. Then the fiber C
o
y¯ of π
o is
given by Cy¯ − {s1(y¯), . . . , sn(y¯)}. Fix a geometric point x¯ in C
o
y¯ . Associated to the universal
n-punctured curve πo, there is a homotopy exact sequence:
1→ π1(C
o
y¯ , x¯)→ π1(Mg,n+1/k, x¯)→ π1(Mg,n/k, y¯)→ 1.
Theorem 1. Let k be a field of characteristic zero. If g ≥ 4 and n ≥ 0, then the exact sequence
of profinite groups
1→ π1(C
o
y¯ , x¯)→ π1(Mg,n+1/k¯, x¯)→ π1(Mg,n/k¯, y¯)→ 1
does not split.
Let Sg be a compact oriented topological surface of genus g and P a subset of Sg consisting
of n distinct points. Denote the mapping class group of Sg fixing P pointwise by Γg,n and the
topological fundamental group of the Sg − P by Π
′top.
Corollary 2. If g ≥ 4 and n ≥ 0, then the exact sequence
1→ Π′top → Γg,n+1 → Γg,n → 1
does not split.
For g ≥ 1 and n = 0, the theorem was proved in [5, Cor. 5.11]. Theorem 1 is essentially
a corollary of the result [9, Thm. 12.6] on the Lie algebra structure of GrL• pg,n. Hain used
the information to compute all the graded Lie algebra sections of the two-step nilpotent Lie
algebras that are constructed from the universal curve π together with the relative and weighted
completions applied to their fundamental groups. Theorem 1 can be considered as an extension
of Hain’s result [13, Thm. 2] to the universal n-punctured curve πo.
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2. Families of Curves and Monodromy Representation
2.1. Mapping class groups. Assume that 2g − 2 + n > 0. Let Sg be a compact oriented
topological surface of genus g. Let P be a subset of Sg consisting of n distinct points. The
mapping class group denoted by Γg,P is the group of isotopy classes of orientation-preserving
diffeomorphisms of Sg fixing P pointwise. By classification of surfaces, the group Γg,P is
independent of the subset P , and hence it will be denoted by Γg,n in this paper. There is a
natural action of Γg,n on H1(Sg,Z) preserving the intersection pairing 〈 , 〉 and thus there is a
natural representation
Γg,n → Aut(H1(Sg,Z), 〈 , 〉) = Sp(H1(Sg,Z)).
It is well-known that this homomorphism is surjective.
2.2. The universal curve of type (g, n). Suppose that g and n are nonnegative integers
satisfying 2g−2+n > 0. Suppose that S is a scheme. A curve f : C → S of genus g is a proper
smooth morphism whose geometric fiber is a connected one-dimensional scheme of arithmetic
genus g. A curve f : C → S of genus g is said to be of type (g, n) if f admits n disjoint sections
s1, . . . , sn. The complement in C of the images of the sections si is denoted by f
o : Co → S.
The moduli stack of curves of type (g, n) is denoted by Mg,n and the universal curve of type
(g, n) over Mg,n is denoted by π : Cg,n → Mg,n. It is proved in [8] that the stack Mg,n is
a smooth DM-stack over Z. For each curve f : C → S of type (g, n), there exists a unique
morphism φ : S →Mg,n such that the curve f is isomorphism to the pull-back of the universal
curve π : Cg,n → Mg,n along the morphism φ. The universal curve Cg,n → Mg,n admits n
tautological sections and the complement of the images of the tautological sections is defined
to be the universal n-punctured curve πo : Mg,n+1 → Mg,n. The curve f
0 : C0 → S is then
isomorphic to the fiber product S ×Mg,n Mg,n+1 → S.
2.3. Monodromy representations associated to curves of type (g, n). Let k be a field
with char(k) = 0. Suppose that S is a geometrically connected scheme over k. Let f : C → S
be a curve of type (g, n). Let y¯ be a geometric point of S and let Cy¯ and C
o
y¯ be the fibers over
y¯ of f and fo, respectively. Note that Coy¯ = Cy¯ − {s1(y¯), . . . , sn(y¯)}. Let x¯ be a geometric
point of Coy¯ . We also consider x¯ as a geometric point of Cy¯ via the open immersion C
o
y¯ → Cy¯.
Denote π1(Cy¯ , x¯) and π1(C
o
y¯ , x¯) by Π and Π
′, respectively.
Proposition 2.1. If g > 1, then there are exact sequences of profinite groups:
1→ Π→ π1(C, x¯)→ π1(S, y¯)→ 1
and
1→ Π′ → π1(C
o, x¯)→ π1(S, y¯)→ 1.
Proof. For a geometrically connected scheme X over k, the natural map π1(X ⊗k k¯)→ π1(X)
induced by base change to k¯ is an injection . Since the diagram
Π // π1(C ⊗k k¯, x¯) //

π1(S ⊗k k¯, y¯)

// 1
Π // π1(C, x¯) // π1(S, y¯) // 1
4 TATSUNARI WATANABE
commutes and the rows are exact, it will suffice to show the map Π→ π1(C⊗k k¯, x¯) is injective.
So we may assume that k = k¯. Since an extension of algebraically closed fields does not change
the fundamental group, we may assume that k = C. Denote the topological fundamental
groups of C and S with base points x¯ in C(k) and y¯ in S(k) by πtop1 (C, x¯) and π
top
1 (S, y¯),
respectively. Denote the topological fundamental group of the fiber Cy¯ with base point x¯ by
Πtop. An element [γ] in πtop1 (C, x¯) acts on an element [α] in Π
top by conjugation action, that
is, the loop γ−1αγ is topologically obtained by transporting the loop α along the loop γ in C
and pulling it back to Cy¯ . Therefore, there is a homomorphism
πtop1 (C, x¯)→ Aut(Π
top)
and the composition Πtop → πtop1 (C, x¯)→ Aut(Π
top) is the conjugation action on itself. Taking
profinite completions induces a continuous homomorphism Π→ π1(C, x¯)→ Aut(Π). Since the
center of Π is trivial [1], this action is injective, from which our first assertion follows. The
second assertion follows from a similar argument and the fact that Π′ is free and so has trivial
center.

Set HZℓ = H
1
e´t(Cy¯,Zℓ(1)). The cohomology group HZℓ is a free Zℓ-module of rank 2g
endowed with the cup product pairing θ : Λ2HZℓ → Zℓ(1). Recall that the general symplectic
group GSp(HZℓ) is defined as
GSp(HZℓ) = {T ∈ GL(HZℓ)| T
∗θ = θ}.
Associating the symplectic similitude of T to T defines a surjective homomorphism τ : GSp(HZℓ)→
Zℓ
×. The symplectic group Sp(HZℓ) is defined to be the kernel of τ . By Proposition 2.1, asso-
ciated to the curve f , there is a natural representation
π1(S, y¯)→ Aut(H1(Π)),
which is induced by the conjugation action of π1(C, x¯) on Π. Since HZℓ
∼= H1(Π,Zℓ(1)) =
Hom(Π,Zℓ(1)), we obtain a representation
ρy¯ : π1(S, y¯)→ GSp(HZℓ),
and there is a commutative diagram
1 // π1(S ⊗k k¯, y¯) //
ρgeomy¯
π1(S, y¯) //
ρy¯
Gk //
χℓ
1
1 // Sp(HZℓ) // GSp(HZℓ)
τ // Zℓ
× // 1,
where we denote the representation at left by ρgeomy¯ . In this paper, the weighted completion
(see section 4) of the monodromy representation ρy¯ associated to the universal curve plays a
key role and the following proposition shows the density of the monodromy in the universal
case. Set HQℓ := HZℓ ⊗Qℓ.
Proposition 2.2. Let k be a field of characteristic zero. If g ≥ 2, ℓ is a prime number, and if
the image of the ℓ-adic cyclotomic character χℓ : Gk → Zℓ
× is infinite, then the image of the
monodromy representation
ρy¯ : π1(Mg,n/k, y¯)→ GSp(HQℓ)
is Zariski-dense in GSp(HQℓ).
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Proof. For a commutative ring A, let Sp(A) = Sp(H1(Sg, A)). Taking profinite completions
of the natural representation Γg,n → Sp(Z), we obtain a continuous surjective homomorphism
ρ∧ : Γ∧g,n → Sp(Z)
∧. By [14, Prop. 2.2], there are natural isomorphisms, Sp(Z)∧ ∼= Sp(Z∧)
and Sp(Z∧) ∼=
∏
ℓ prime Sp(Zℓ). Thus composing with ρ
∧, we obtain a surjective continuous
homomorphism ρℓ : Γ
∧
g,n → Sp(Zℓ). Identifying Sp(HZℓ) with Sp(Zℓ), ρℓ agrees with the
representation ρgeomy¯ : π1(Mg,n/k¯, y¯)→ Sp(HZℓ) up to the conjugation action of an element of
π1(Mg,n/k¯, y¯). Therefore, the image of ρ
geom
y¯ is Zariski dense. Since the diagram
1 // π1(Mg,n/k¯, y¯)
ρgeomy¯
// π1(Mg,n/k, y¯) //
ρy¯
Gk //
χℓ
1
1 // Sp(HQℓ) // GSp(HQℓ)
τ // Gm/Qℓ
// 1,
commutes and the image of χℓ is infinite, it follows that the image of ρy¯ is Zariski dense.

3. Review of a minimal presentation of Lie Algebra Gr• pg,n
3.1. Pure braid groups on Sg. Let g and m be positive integers. The configuration space
Fg,n of n points on Sg is defined to be
Fg,n = S
n
g −
⋃
i6=j
{xi = xj} .
The topological fundamental group π1(Fg,n, x) with a fixed base point x of Fg,n is the group of
pure braids with n strings on Sg. The topological fundamental group π
top
1 (Fg,n, x) is denoted
by πtopg,n .
3.2. The unipotent completion Pg,n of π
top
g,n and its Lie algebra pg,n. Let F be a field of
characteristic zero. Suppose that Γ is a group. The unipotent completion of Γ is a prounipotent
group Γun over F equipped with a natural Zariski-dense homomorphism ρ : Γ → Γun(F )
satisfying the universal property: for a Zariski-dense homomorphism ρU : Γ → U(F ) into the
F -rational points of a prounipotent F -group U , there is a unique morphism φU : Γ
un → U such
that ρU = φU (F ) ◦ ρ. When H1(Γ, F ) is finite dimensional, there is a concrete construction of
Γun using the completed group algebra F [Γ]∧ (see [18, Appendix A] and [2]).
Let Pg,n be the unipotent completion of π
top
g,n over Q. For any field F of characteristic zero,
the unipotent completion Pg,n/F of π
top
g,n over F is canonically isomorphic to Pg,n ⊗Q F by
universal property. Denote the Lie algebra of Pg,n by pg,n. It is the inverse limit of finite
dimensional nilpotent Lie algebras over Q, which we call a pronilpotent Lie algebra over Q. A
key ingredient of the proof of Theorem 1 is the structure of the graded Lie algebra Gr• pg,n
associated with its lower central series L•pg,n.
3.3. A minimal presentation. Firstly, we recall the following fact:
Proposition 3.1 ([9, Prop. 2.1.]). If g ≥ 0 and n ≥ 0, then there are isomorphisms
H1(pg,n) ∼= H1(π
top
g,n ,Q)
∼= H1(S
n
g ,Q)
∼=
n⊕
i=1
H1(Sg,Q)i.
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Secondly, we recall a minimal presentation of a graded Lie algebra with negative weights.
If n is a graded Lie algebra with negative weights, then there is a Lie algebra surjection φ :
L(H1(n))→ n from the free Lie algebra generated by H1(n) onto n. Denote the kernel of φ by
R. A minimal presentation of n is given by
L(H1(n))/R ∼= n.
For u ∈ H1(Sg,Q), we will denote the corresponding vector inH1(Sg,Q)i by u
(i). Fix a symplec-
tic basis a1, b1, . . . , an, bn for H1(Sg). Denote the elements
∑n
k=1[a
(i)
k , b
(i)
k ] and
∑n
k=1[a
(i)
k , b
(j)
k ]
for i 6= j in L(H1(Sg)
⊕n) by Θi and Θij , respectively. For u and v in H1(Sg,Z), we will denote
the intersection number of u and v by (u, v). Denote the lower central series of pg,n by L•pg,n.
We have the following minimal presentation of GrL• pg,n by Hain:
Theorem 3.2 ([9, Thm. 12.6 ]). For g ≥ 1 and n ≥ 0, there is an isomorphism of graded Lie
algebras
GrL• pg,n
∼= L(H1(Sg)
⊕n)/R,
where R is the Lie ideal generated by the vectors of the form
[u(i), v(j)]− [u(j), v(i)] for all i and j;
[u(i), v(j)]−
(u, v)
g
g∑
k=1
Θij for i 6= j;
Θi +
1
g
∑
j 6=i
Θij for 1 ≤ i ≤ n,
with arbitrary u, v ∈ H1(Sg).
4. Two-step nilpotent Lie algebras associated to Universal (n-punctured)
Curves
The weighted completion of a profinite group is introduced and developed by Hain and
Matsumoto and a detailed introduction of the theory and properties are included in [15] and
the reader can find a brief introduction in [11, §6 & §7] on which this paper is based.
4.1. Weighted completion applied to the fundamental groups of universal curves.
Suppose that g ≥ 2 and n ≥ 0. Let k be a field of characteristic zero such that for some prime
ℓ, the ℓ-adic cyclotomic character χℓ : Gk → Zℓ
× has infinite image or k be a finite field of
characteristic p. Note that when k is a finite field, a number field, or a local field Qq with q 6= ℓ,
χℓ has infinite image. Fix a geometric point y¯ in S. By Proposition 2.2, we have a Zariski-dense
representation
ρy¯ : π1(Mg,n/k, y¯)→ GSp(HQℓ).
Define a central cocharacter ω : Gm → GSp(HQℓ) by sending z to z
−1 id. This technical
definition of ω is made so that the weights defined by Hodge theory and Galois theory agree.
Denote the weighted completion of π1(Mg,n/k, y¯) with respect to ρy¯ and ω by
(Gg,n, ρ˜y¯ : π1(Mg,n/k, y¯)→ Gg,n(Qℓ)).
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The completion Gg,n is a negatively weighted
1 extension of GSp(HQℓ) by a prounipotent group
over Qℓ, which we denote by Ug,n: there is an exact sequence of proalgebraic groups over Qℓ
1→ Ug,n → Gg,n → GSp(HQℓ)→ 1.
4.2. Relative completion of π1(Mg,n/k¯) and the Gg,n-modules u
geom
g,n . The key object in
this paper is the Lie algebra of the relative completion of π1(Mg,n/k¯, y¯), which is a pro-object
in the category of Gg,n modules, admitting a natural weight filtration. A detailed review and
basic properties of relative completion are given in [12].
Recall that the image of the monodromy representation ρgeomy¯ : π1(Mg,n/k¯, y¯) → Sp(HQℓ)
is Zariski-dense in Sp(HQℓ). The relative completion of π1(Mg,n/k¯, y¯) with respect to ρ
geom
y¯
consists of a proalgebraic group Ggeomg,n over Qℓ and a homomorphism
ρ˜geomy¯ : π1(Mg,n/k¯, y¯)→ G
geom
g,n (Qℓ).
The proalgebraic group Ggeomg,n is an extension of Sp(HQℓ) by a prounipotent Qℓ-group U
geom
g,n ,
that is, there is an exact sequence of proalgebraic groups over Qℓ:
1→ Ugeomg,n → G
geom
g,n → Sp(HQℓ)→ 1.
Denote the Lie algebras of Ggeomg,n , U
geom
g,n , and Sp(HQℓ) by g
geom
g,n , u
geom
g,n , and r, respectively. We
list results needed in this paper:
Proposition 4.1 ([11, Prop. 8.4], [15, Thm. 3.9 ]). With notation as above, the conjugation
action of π1(Mg,n/k, y¯) on π1(Mg,n/k¯, y¯) induces an adjoint action of Gg,n on g
geom
g,n , and hence
on ugeomg,n . Therefore, the Lie algebras g
geom
g,n and u
geom
g,n admit weight filtrations W• satisfying
(i) ggeomg,n =W0g
geom
g,n , u
geom
g,n =W−1u
geom
g,n =W−1g
geom
g,n , and Gr
W
0 g
geom
g,n = r;
(ii) the action of Gg,n on Gr
W
• u
geom
g,n factors through Gg,n → GSp(HQℓ);
(iii) each GrWm u
geom
g,n is of weight m as a Gm-representation via ω.
The Lie algebra ugeomg,n is generated by H1(u
geom
g,n ), which is determined by cohomology. More
precisely, we have the following property of relative completion.
Proposition 4.2 ([12, Thm. 3.8 ]). For each finite-dimensional Sp(HQℓ)-representation V ,
there is a natural isomorphism
HomSp(H)(H1(u
geom
g,n ), V )
∼= H1(π1(Mg,n/Q), V ).
4.2.1. Variant. Denote by GgeomCg,n the relative completion of π1(Cg,n/k¯, x¯) with respect to the
composition π1(Cg,n/k¯, x¯)→ π1(Mg,n/k¯, y¯)→ Sp(HQℓ). It is again an extension of Sp(HQℓ) by
a prounipotent Qℓ-group denoted by U
geom
Cg,n
. Denote the Lie algebras of GgeomCg,n and U
geom
Cg,n
by
g
geom
Cg,n
and ugeomCg,n , respectively.
1H1(Ug,n) admits only negative weights as a Gm-representation via ω.
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4.3. Key exact sequences. Suppose that g ≥ 2 and n ≥ 0. We consider the universal families
π : Cg,n/k → Mg,n/k, π
o : Mg,n+1/k → Mg,n/k, and h : Mg,n/k → Mg/k. Recall that we fix
a geometric point y¯ of Mg,n/k and denote by Π the fundamental group π1(Cy¯ , x¯), where Cy¯ is
the fiber of π over y¯ and x¯ is a geometric point of Cy¯. Similarly, we denote π1(C
o
y¯ , x¯) by Π
′.
We also consider y¯ as a geometric point of Mg/k via the morphism h. The fiber of h over y¯ is
given by
F (Cy¯)g,n := C
n
y¯ −
⋃
i6=j
{xi = xj} .
Let η¯ be the geometric generic point of F (Cy¯)g,n. The fundamental group π1(F (Cy¯)g,n, η¯) of
the fiber is isomorphic to the profinite completion of πtopg,n , the topological fundamental group
of the configuration space Fg,n. Denote the fundamental group π1(F (Cy¯)g,n, η¯) by πg,n. The
ℓ-adic unipotent completion of πg,n is isomorphic to Pg,n and thus we denote its Lie algebra
by pg,n as well. Denote also the ℓ-adic unipotent completions of Π and Π
′ by P and P ′ and
their Lie algebras by p and p′, respectively. The center-freeness of P , P ′, and Pg,n (see [17])
together with the exactness criterion [11, Prop. 6.11] gives
Proposition 4.3 ([11, Prop. 8.6 ]). With notations as above, the families π, πo, and h induce
the exact sequences:
0→ p→ ggeomCg,n → g
geom
g,n → 0;
0→ p′ → ggeomg,n+1 → g
geom
g,n → 0;
0→ pg,n → g
geom
g,n → g
geom
g → 0.
Consequently, these sequences remain exact after replacing ggeom with ugeom and after applying
the functor GrW• .
4.3.1. Weights. Recall that HQℓ = H
1
e´t(Cy¯ ,Qℓ(1)) equipped with the cup product θ : Λ
2HQℓ →
Qℓ(1) and that we defined a central cocharacter ω : Gm → GSp(HQℓ) by setting z 7→ z
−1 idH .
With respect to ω, each finite-dimensional irreducible GSp(HQℓ)-representation V admits weight
w(V ). In particular, the representation HQℓ is of weight −1 and the representation Qℓ(r) is of
weight −2r. In general, a finite-dimensional representation V (r) has weight w(V )− 2r.
4.3.2. Key representations. Unless stated otherwise, for simplicity, we set H = HQℓ . Here, we
introduce GSp(H)-representations that play an important role in this paper. Firstly, the dual θˇ
of θ can be viewed as a GSp(HQℓ)-equivariant map θˇ : Qℓ(1)→ Λ
2H or equivalently a vector in
(Λ2H)(−1). The key representations appear in GrWm u
geom
g,n for m = −1,−2. In weight −1, we
consider the representationsH and (Λ3H)(−1)/(H∧θˇ). Adopting Hain’s notation from [11], we
denote the representation (Λ3H)(−1)/H ∧ θˇ by Λ30H . In weight −2, the main representations
are Qℓ(1) and Λ
2H/(im θˇ), denoted by Λ20H .
4.4. The Lie algebras dg,n and dCg,n . We introduce the description of the two-step nilpotent
Lie algebras dg,n and dCg,n . We will make a slight modification to the original definition of
dg,n made by Hain in [11] and discuss a key result on the sections of the Lie algebra surjection
dCg,n → dg,n induced by π : Cg,n/k →Mg,n/k.
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4.4.1. The GSp(H)-modules p, p′, and pg,n. We note that the conjugation action of π1(Cg,n/k, y¯)
on Π(ℓ) (resp. π1(Mg,n+1/k, y¯) on Π
′(ℓ)) induces an action of GCg,n on p (resp. Gg,n+1 on p
′)
and hence a weight filtration on p (resp. p′). A key to understanding the GSp(H)-module
structure of GrW• u
geom
g,n is that of Gr
W
• p and Gr
W
• p
′. It follows from a result in [3] that there
is a minimal presentation
GrL• p
∼= L(H)/(im θˇ),
where L•p is the lower central series of p with L1p = p.
Proposition 4.4. With notation as above, the weight filtration of p agrees with its lower central
series, that is, for each r ≥ 1, W−rp = L
rp.
Proof. Note that the map p⊗r → Lrp induced by the bracket is surjective. Thus we have
Lrp ⊂ W−rp and furthermore, since H = H1(p) is pure of weight -1, Gr
L
r p is pure of weight
−r. By strictness, the functor V 7→ WmV is exact on the category of finite-dimensional Gg,n-
modules and hence there is the exact sequence
0→W−r−1L
r+1
p→W−r−1L
r
p→W−r−1Gr
L
r p→ 0.
Since GrLr p is pure of weight −r, we see that W−r−1L
r+1p =W−r−1L
rp. We have W−2L
2p =
L2p =W−2p and then inductively, we have our claim.

Therefore, we have the following description of GrWr p for r = −1,−2:
GrW−1 p
∼= H GrW−2 p
∼= Λ2H/(im θˇ) = Λ20H
The open immersion j : Coy¯ → Cy¯ induces a surjection Π
′ → Π, which, then, induces a Lie
algebra surjection p′ → p that preserves weight filtrations. The Lie algebra surjection of the
associated graded Lie algebras GrW• dj∗ : Gr
W
• p
′ → GrW• p is an isomorphism in weight −1 and
we have GrW−2 ker dj∗ = Qℓ(1)
⊕n:
GrW−1 p
′ ∼= H GrW−2 p
′ ∼= Λ20H ⊕Qℓ(1)
⊕n
Similarly, the conjugation action of π1(Mg,n/k, y¯) on πg,n induces an action of Gg,n on pg,n.
Hence, the Lie algebra pg,n admits a weight filtration. By Proposition 3.1, there is an isomor-
phism
H1(pg,n) ∼=
n⊕
j=1
Hj ,
on which Gg,n acts diagonally via GSp(H), and thus H1(pg,n) is pure of weight −1. Therefore,
the weight filtration again agrees with its lower central series, which allows us to use Theorem
3.2 to understand the bracket of the associated graded Lie algebra GrW• pg,n.
4.4.2. The GSp(H)-modules GrWm u
geom
g,n for m = −1,−2. Here we assume that g ≥ 3. The case
g = 2 will be treated in a forthcoming paper. We can determine the GSp(H)-module structure
of each GrWm u
geom
g,n by considering the exact sequences
0→ GrW• p
′ → GrW• u
geom
g,n+1 → Gr
W
• u
geom
g,n → 0.
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In this paper, we will only need to know GrWm u
geom
g,n for m = −1 and −2 for our purposes. For
m = −1, there are isomorphisms of GSp(H)-modules
GrW−1 u
geom
g,n
∼= GrW−1H1(u
geom
g,n ) = H1(u
geom
g,n )
∼= Λ3nH := Λ
3
0H ⊕
n⊕
j=1
Hj .
In particular, in the case when n = 1, we have an isomorphism
H1(u
geom
g,1 )
∼= (Λ3H)(−1) ∼= Λ30H ⊕H ⊂ Hom(H,Λ
2
0H),
which is essentially due to Johnson’s work on the abelianization of the Torelli groups [16] along
with Proposition 4.2. Since GrW• u
geom
g,n is a graded Lie algebra with negative weights, there is
a minimal presentation
L(Λ3nH)/R
∼= GrW• u
geom
g,n ,
where R is a Lie ideal generated in weight −2 and below. Since H1(u
geom
g,n ) is pure of weight −1,
the weight filtration on ugeomg,n agrees with its lower central series. As to Gr
W
−2 u
geom
g,n , it comes
down to understanding the bracket [ , ] : Λ2GrW−1 u
geom
g,1 = Λ
2Λ31H → Gr
W
−2 u
geom
g,1 , which was
computed by Hain in [9]. In summary, we have
Proposition 4.5 ([11, Thm. 9.11]). Suppose that g ≥ 3 and n ≥ 0. There are isomorphisms
(i)
GrWm u
geom
g,n
∼=
{
H1(u
geom
g,n )
∼= Λ3nH = Λ
3
0H ⊕
⊕n
j=1Hj for m = −1;
V[2+2](−1)⊕
⊕n
j=1 Λ
2
0Hj ⊕Qℓ(1)
⊕(n2) for m = −2;
(ii)
GrWm u
geom
Cg,n
∼=
{
Λ3n+1H = Λ
3
0H ⊕
⊕n
j=0Hj for m = −1;
V[2+2](−1)⊕
⊕n
j=0 Λ
2
0Hj ⊕Qℓ(1)
⊕(n2) for m = −2,
where V[2+2] is the isomorphism class of Sp(H)-representation corresponding to the
partition 2 + 2.
4.4.3. The definitions of dg,n and dCg,n and the sections of dCg,n → dg,n. We set
dg,n := Gr
W
• (u
geom
g,n /W−3 + V[2+2](−1)),
and
dCg,n := Gr
W
• (u
geom
Cg,n
/W−3 + V[2+2](−1)).
Note that our definition of dg,n slightly differs from Hain’s in [11, §10]. We make this defini-
tion due to a key role of the Sp(H) trivial representation Qℓ(1), dropping the representation
V[2+2](−1)
2 in this paper. We have the following description of dg,n and dCg,n :
GrW−1 dg,n
∼= Λ3nH, Gr
W
−2 dg,n
∼=
n⊕
j=1
Λ20Hj ⊕Qℓ(1)
⊕(n2), and GrWm dg,n = 0 for m ≤ −3;
GrW−1 dCg,n
∼= Λ3n+1H, Gr
W
−2 dCg,n
∼=
n⊕
j=0
Λ20Hj ⊕Qℓ(1)
⊕(n2), and GrWm dCg,n = 0 for m ≤ −3.
2The representation V[2+2](−1) will play an important role in the case of g = 2 and the moduli of hyperelliptic
curves.
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We observe that the open immersionMg,n+1/k → Cg,n/k induces a GSp(H)-equivariant graded
Lie algebra surjection dg,n+1 → dCg,n that makes the diagram
dg,n+1 //
γon
dCg,n
γn
dg,n dg,n
commutes, where the left and right vertical maps are GSp(H)-equivariant Lie algebra surjections
induced by πo and π, respectively. Denote the projection dg,n+1 → dg,n and dCg,n → dg,n by
γon and γn, respectively. The GSp(H)-module structures of dCg,n and dg,n together with the
bracket computation [ , ] : Λ2GrW−1 dg,n → Gr
W
−2 dg,n ([11, Prop. 9.13]) give us
Proposition 4.6 ([11, Prop. 10.8]). With notations as above, if g ≥ 4, there are exactly n
GSp(H)-equivariant Lie algebra sections of γn given on Gr
W
−1 by
sj : Λ
3
0H ⊕H1 ⊕ · · · ⊕Hn → Λ
3
0H ⊕H0 ⊕H1 ⊕ · · · ⊕Hn
(v;u1, . . . , un) 7→ (v;uj , u1, . . . , un),
for j = 1, . . . , n, where v ∈ Λ30H and ui ∈ Hi for each i. In particular, there is no section of
γ0.
Remark 4.7. A key fact used in the proof of this result is that for g ≥ 4, the bracket [ , ] :
Λ2Λ30H → Λ
2
0H is nontrivial. For the case g = 3, the representation Λ
2Λ20H does not contain a
copy of Λ20H and for g = 2, the representation Λ
3
0H is trivial. For this reason, we will need to
consider weights down to −4 and the bracket [ , ] : Λ2V[2+2](−1)→ Gr
W
−4 p, which is discussed
in [19].
The following result is an analogue of Proposition 4.6 for the projection dg,n+1 → dg,n and
essential to the proof of Theorem 1.
Proposition 4.8. With notations as above, if g ≥ 4, the projection γon : dg,n+1 → dg,n does
not admit any GSp(H)-equivariant Lie algebra section.
Proof. For n = 0, there is an isomorphism dg,1 ∼= dCg and hence our claim follows from Proposi-
tion 4.6. Suppose that there is a GSp(H)-equivariant Lie algebra section s of γon. By composing
with the surjection dg,n+1 → dCg,n , we obtain a section of γn. Thus, the restriction of s to weight
−1 is given by
GrW−1 s : (v;u1, . . . , un) 7→ (v;ui, u1, . . . , un)
for some i ∈ {1, . . . , n}. For simplicity, we may assume i = 1. First, when n = 1, we see
from the description of dg,1 that Gr
W
−2 dg,1 does not contain Qℓ(1) and hence that Θ1 = 0
in GrW−2 dg,1. Now, we compute
∑g
k=1[Gr
W
−1 s(a
(1)
k ),Gr
W
−1 s(b
(1)
k )]. Using Theorem 3.2 and the
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notations used in it, we have
g∑
k=1
[GrW−1 s(a
(1)
k ),Gr
W
−1 s(b
(1)
k )] =
g∑
k=1
[a
(0)
k + a
(1)
k , b
(0)
k + b
(1)
k ]
=
g∑
k=1
[a
(0)
k , b
(0)
k ] + [a
(0)
k , b
(1)
k ] + [a
(1)
k , b
(0)
k ] + [a
(1)
k , b
(1)
k ]
= Θ0 + 2Θ01 +Θ1
= −
1
g
Θ01 + 2Θ01 −
1
g
Θ01
=
2g − 2
g
Θ01.
This is nontrivial in GrW−2 dg,2 when g ≥ 4. Since s is a Lie algebra homomorphism, we have a
desired contradiction. Now assume n > 1. Let j ∈ {2, . . . , n}. First, we compute GrW−2 s(Θ1j).
We have
GrW−2 s(Θ1j) = Gr
W
−2 s
(
g∑
k=1
[a
(1)
k , b
(j)
k ]
)
=
g∑
k=1
[GrW−1 s(a
(1)
k ),Gr
W
−1 s(b
(j)
k )]
=
g∑
k=1
[a
(0)
k + a
(1)
k , b
(j)
k ]
=
g∑
k=1
[a
(0)
k , b
(j)
k ] + [a
(1)
k , b
(j)
k ]
= Θ0j +Θ1j .
For each 0 ≤ i < j ≤ n, fix a GSp(H)-equivariant projection qij : Gr
W
−2 dg,n+1 → Qℓ(1)ij . Since
by Theorem 3.2 we have Θ1 = −
1
g
∑n
j=2Θ1j in Gr
W
−2 dg,n, the above computation implies that
(q01 ◦Gr
W
−2 s)(Θ1) = 0. On the other hand, in Gr
W
−2 dg,n+1 we have
(q01 ◦Gr
W
−2 s)(Θ1) = q01(Θ0 + 2Θ01 +Θ1) =
2g − 2
g
Θ01,
which is nontrivial. Thus we have a contradiction.

5. Sections of Universal Curves Mg,n+1 →Mg,n
In this section, we will prove Theorem 1. Recall that πo : Mg,n+1/k → Mg,n/k is the
complement in Cg,n/k of the n tautological sections of the universal curve π : Cg,n/k →Mg,n/k.
When char(k) = 0, it follows from a result of Earle and Kra [4] that the sections of π are exactly
the n tautological sections. This then implies that the n-punctured universal curve πo admits
no sections. Theorem 1 is the analogue of this geometric result in terms of their fundamental
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groups. Although we are not able to determine the set of conjugacy classes of the sections
of π∗ : π1(Cg,n/k, x¯) → π1(Mg,n/k, y¯), the theorem gives us further evidence for the relation
between a geometric section of π and a group theoretical section of π∗.
Proof of Theorem 1. Fix a prime number ℓ such that ℓ-adic cyclotomic character χℓ : Gk →
Zℓ
× has infinite image. We set H = HQℓ . Let s be a section of π
o
∗ : π1(Mg,n+1/k¯, x¯) →
π1(Mg,n/k¯, y¯). By the universal property of relative completion (see [11, cf. §6.1, 6.2]), s induces
a section s˜G of π˜
o
∗ : G
geom
g,n+1 → G
geom
g,n , which then induces a section s˜U of U
geom
g,n+1 → U
geom
g,n that
makes the diagram
1 // Ugeomg,n+1 //

Ggeomg,n+1
//
π˜o∗

Sp(H) // 1
1 // Ugeomg,n //
s˜U
EE
Ggeomg,n
//
s˜G
EE
Sp(H) // 1
commutes. From this, we see that the section s˜U induces a Lie algebra section ds∗ : u
geom
g,n →
u
geom
g,n+1. Since the weight filtration on u
geom
g,n agrees with its lower central series, it follows that ds∗
yields a graded Lie algebra section GrW• ds∗ of Gr
W
• u
geom
g,n+1 → Gr
W
• u
geom
g,n , which then induces
a graded Lie algebra section d(ds∗) of γ
o
n. We will show that Gr
W
• ds∗ is an Sp(H)-equivariant
homomorphism. For m ≤ −1, let v be a vector in GrWm u
geom
g,n and v˜ be a representative of
v in Ugeomg,n . Let r be an element in Sp(H). Since the conjugation action of U
geom
g,n on each
graded quotient GrWm u
geom
g,n is the identity, we may represent r by an element r˜ in G
geom
g,n . Let
log : Ggeomg,n → g
geom
g,n be the logarithm map from G
geom
g,n to its Lie algebra g
geom
g,n . We have
GrWm ds∗(r · v) = Gr
W
m ds∗(r˜
−1vr˜)
= log(s˜G(r˜
−1v˜r˜))
= log(s˜G(r˜
−1)s˜G(v˜)s˜G(r˜))
= s˜G(r˜
−1)GrWm ds∗(v)s˜G(r)
= r ·GrWm ds∗(v).
Thus GrW• ds∗ is an Sp(H)-equivariant graded Lie algebra section and so is d(ds∗), but by
Proposition 4.8, there is no such section of γon.

An immediate corollary of Theorem 1 is the following:
Corollary 5.1. If g ≥ 4 and n ≥ 0, the exact sequence
1→ Π′top → Γg,n+1 → Γg,n → 1
does not split, where Π′top denotes the topological fundamental group πtop1 (C
o
y¯ , x¯).
Proof. A section of πorb1 (Mg,n+1/C, x¯)→ π
orb
1 (Mg,n/C, y¯) induces a section of π1(Mg,n+1/C, x¯)→
π1(Mg,n/C, y¯) upon profinite completion. By Theorem 1, there is no such section, and hence
our result follows. 
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Remark 5.2. For the case n = 0, this is the Birman exact sequence
1→ Πtop → Γg,1 → Γg → 1,
which was known to be nonsplit [5].
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